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fo

r
a

3
G

e
V

/
c

p
a
rtic

le
in

5
T
e
sla

is

ρ
=

3
10

9

5
×

3
10

8
=

2m

T
h
is

u
n
its

p
ro

b
le

m
is

o
fte

n
re

so
lv

e
d

in
a
c
c
e
le

ra
to

r
te

x
ts

b
y

e
x
p
re

ssin
g

p
a
ra

-

m
e
te

rs
in

te
rm

s
o
f

(B
ρ
)
w

h
e
re

th
is

is
a

m
e
a
su

re
o
f
m

o
m

e
n
tu

m
:

th
e

m
o
m

e
n
tu

m

th
a
t

w
o
u
ld

h
a
v
e

th
is

v
a
lu

e
o
f
B

×
ρ
,
w

h
e
re

(B
ρ
)

=
[pc/e]

c
F
o
r

3
G

e
V

/
c
,

(B
ρ
)
is

th
u
s

1
0

(T
m

),
a
n
d

th
e

ra
d
iu

s
o
f
b
e
n
d
in

g
in

a
fi
e
ld

B
=

5

(T
)

is:

ρ
=

(B
ρ
)

B
=

105
=

2m
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1
.2

U
se

fu
l
R

e
la

tiv
istic

R
e
la

tio
n
s

d
E

=
β
v
d
p

(1)

d
EE

=
β

2v

d
pp

(2)

d
β
v

=
d
pγ
2

(3)

I
u
se

β
v
to

d
e
n
o
te
v
/c

to
d
istin

g
u
ish

it
fro

m
th

e
C

o
u
ra

n
t-S

ch
n
e
id

e
r
o
r

T
w

iss

p
a
ra

m
e
te

rs
β⊥
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1
.3

E
m

itta
n
ce

n
orm

alized
em

ittan
ce

=
P

h
ase

S
p
ace

A
rea

π
m

c

T
h
e

p
h
a
se

sp
a
c
e

c
a
n

b
e

tra
n
sv

e
rse

:p
x

v
s
x
,
p
y
v
s
y
,
o
r

lo
n
g
itu

d
in

a
l

∆
p
z
v
s
z,

w
h
e
re

∆
p
z
a
n
d
z

a
re

w
ith

re
sp

e
c
t

to
th

e
m

o
v
in

g
b
u
n
ch

c
e
n
te

r.

If
x

a
n
d
p
x

a
re

b
o
th

G
a
u
ssia

n
a
n
d

u
n
c
o
rre

la
te

d
,
th

e
n

th
e

a
re

a
is

th
a
t

o
f
a
n

u
p
rig

h
t

e
llip

se
,
a
n
d
:

ε⊥
=
π
σ
p⊥
σ
x

π
m
c

=
(γ
β
v )σ

θ σ
x

(π
m
ra
d
)

(4)

ε‖
=
π
σ
p‖ σ

z

π
m
c

=
(γ
β
v ) σ

pp
σ
z

(π
m
ra
d
)

(5)

ε
6

=
ε
2⊥

ε‖
(π

m
)
3

(6)

N
o
te

th
a
t

th
e
π
,
a
d
d
e
d

to
th

e
d
im

e
n
sio

n
,
is

a
re

m
in

d
e
r

th
a
t

th
e

e
m

itta
n
c
e

is
p
h
a
se

sp
a
c
e
/
π
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1
.4

B
e
ta⊥

(T
w
iss)

o
f
B

e
a
m

x
’

x

U
p
rig

h
t

p
h
a
se

e
llip

se
in

x ′
v
s
x
,

β⊥
=


w

id
th

h
eight

of
p
h
ase

ellip
se 

=
σ
x

σ
θ

(7)

T
h
e
n
,
u
sin

g
e
m

itta
n
c
e

d
e
fi
n
itio

n
:

σ
x

=

√√√√√
ε⊥

β⊥
1

β
v γ

(8)

σ
θ

=

√√√√√
ε⊥β⊥

1

β
v γ

(9)
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1.4.1
B

e
ta⊥

(T
w
iss)

a
t

fo
c
u
s

�
�

�
�

�
�

� �

�
�

�
�

�
�

� �

�
�

�
�

�
�

��

�
�

�
�

�
�

��
β⊥

σ
θ

σ
x

σ
x

=
σ
o √√√√√√

1
+


zβ⊥ 

2

β⊥
is

lik
e

a
d
e
p
th

o
f
fo

c
u
s

A
s
z→

∞
σ
x →

σ
o
z

β⊥
g
iv

in
g

a
n

a
n
g
u
la

r
sp

re
a
d

o
f

θ
=
σ
o

β⊥
a
s

a
b
o
v
e

in
e
q
.7
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1.4.2
B

e
ta⊥

o (C
ou
ra
n
t−

S
ch
n
eid

er)
o
f
a

L
a
ttic

e

β⊥
a
b
o
v
e

w
a
s

d
e
fi
n
e
d

b
y

th
e

b
e
a
m

,
b
u
t

a
la

ttic
e

c
a
n

h
a
v
e

a
β⊥

o
th

a
t

m
a
y

o
r

m
a
y

n
o
t

”
m

a
tch

”
a

b
e
a
m

.

e
,g

.
if

c
o
n
tin

u
o
u
s

in
w

a
rd

fo
c
u
sin

g
fo

rc
e
,

a
s

in
a

c
u
rre

n
t

c
a
rry

in
g

lith
iu

m

c
y
lin

d
e
r

(lith
iu

m
le

n
s),

th
e
n

z

u
B

I

d
2u

d
z

2
=

−
k
u

u
=

A
sin 

zβ⊥
o 

u ′
=

Aβ
o

cos 
zβ⊥
o 

w
h
e
re

β⊥
o

=
1/ √

k
λ

=
2π

β
o

T
h
is

p
a
rtic

le
m

o
tio

n
is

a
lso

a
n

e
llip

se
a
n
d

w
id

th

h
eight

of
elip

tical
m

otion
in

p
h
ase

sp
ace

=
ûû ′

=
β⊥

o

If
w

e
h
a
v
e

m
a
n
y

p
a
rticle

s
w

ith
β⊥

(T
w

iss)
=

β⊥
o (C

ou
rantS

nyd
er)

th
e
n

a
ll

p
a
r-

tic
le

s
m

o
v
e

a
rro

u
n
d

th
e

e
llip

se
,

a
n
d

th
e

sh
a
p
e
,

a
n
d

th
u
s
β⊥

(T
w

iss)
re

m
a
in

s

c
o
n
sta

n
t,

a
n
d

th
e

b
e
a
m

is
”
m

a
tch

e
d
”

to
th

is
la

ttic
e
.

If
th

e
b
e
a
m

’s
β⊥

(T
w

iss)
�=

β⊥
o

o
f

th
e

sy
ste

m
th

e
n
β⊥

(T
w

iss
o
f

th
e

b
e
a
m

o
sc

illa
te

s
a
b
o
u
t
β⊥

o (C
ou

rant
S
nyd

er):
o
fte

n
re

fe
re

d
to

a
s

a
”
b
e
ta

b
e
a
t”

.

11



1
.5

In
tro

d
u
c
tio

n
to

S
o
le

n
o
id

F
o
c
u
ssin

g

1.5.1
M

o
tio

n
in

L
o
n
g

S
o
le

n
o
id

C
o
n
sid

e
r

m
o
tio

n
in

a
fi
x
e
d

a
x
ia

l
fi
le

d
B
z ,

sta
rtin

g
o
n

th
e

a
x
is

O
w

ith
fi
n
a
te

tra
n
sv

e
rse

m
o
m

e
n
tu

m
p⊥

i.e
.

w
ith

in
itia

l
a
n
g
u
la

r
m

o
m

e
n
tu

m
=

0
.

ψ

φ
=

ψ2

ρr

y

x

O

p⊥

p
O

ρ
=

[pc/e]⊥
c
B
z

(10)

x
=

ρ
sin

(ψ
)

y
=

ρ
(1−

cos(ψ
))

d
z

d
ψ

=
ρ
p
z

p⊥

F
o
r
ψ
<

180
o

φ
<

90
o:

r
=

2ρ
sin 

ψ2 
=

2ρ
sin

(φ
)

d
z

d
φ

=
2
ρ
p
z

p⊥
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1.5.2
L
a
rm

o
r

P
la

n
e

If
T

h
e

c
e
n
te

r
o
f

th
e

so
le

n
o
id

m
a
g
n
e
t

is
a
t

O
,

th
e
n

c
o
n
sid

e
r

a
p
la

n
e

th
a
t

c
o
n
ta

in
s
th

is
a
x
is

a
n
d

th
e

p
a
rtic

le
.

T
h
is,

fo
r
a

p
a
rtic

le
w

ith
in

ita
lly

n
o

a
n
g
u
la

r

m
o
m

e
n
tu

m
,
is

th
e

’L
a
rm

o
r

P
la

n
e
:

O y

x

ρr

u

λ
helix

λ
L
arm

or

y

z

u

z

u
=

2ρ
sin

(φ
)

(11)

λ
H

elix
=

2π
d
z

d
ψ

=
2π

ρ
p
z

p⊥
=

2π
[pc/e]z
c
B
z

λ
L
arm

or
=

2π
d
z

d
φ

=
2π

2ρ
p
z

p⊥
=

4π
[pc/e]z
c
B
z

T
h
e

la
ttice

p
a
ra

m
e
te

r
β
o
is

d
e
fi
n
e
d

in
th

e
L
a
rm

o
r

fra
m

e
,
so

β
o

=
λ
L
a
rm

or

2π
=

2
[pc/e]z
c
B
z

(12)
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1.5.3
F
o
c
u
sin

g
F
o
rc

e

In
th

is
c
o
n
sta

n
t
B

c
a
se

,
th

e
o
b
se

rv
e
d

sin
u
so

id
a
l

m
o
tio

n
in

th
e
u

p
la

n
e

is

g
e
n
e
ra

te
d

b
y

a
re

sto
rin

g
fo

rc
e

to
w

a
rd

s
th

e
a
x
is

O
.

T
h
e

m
o
m

e
n
tu

m
p
O

a
b
o
u
t

th
e

a
x
is

O
(p

e
rp

e
n
d
ic

u
la

r
to

th
e

L
a
rm

o
r

p
la

n
e
),

u
sin

g
e
q
.1

0
a
n
d

e
q
.1

1
:

[p
O
c/e]

=
[p⊥

c/e]
sin

(φ
)

=
cB

z ρ
u2ρ

=
cB

z

2
u

(13)

A
n
d

th
e

in
w

a
rd

b
e
n
d
in

g
a
s

th
is

m
o
m

e
n
tu

m
c
ro

sse
s

th
e
B
z

fi
e
ld

is

d
2u

d
z

2
=

−


cB
z

2
[p
z c/e] 

2

u
(14)

T
h
is

in
w

a
rd

fo
rc

e
p
ro

p
o
rtio

n
a
l

to
th

e
d
ista

n
c
e
u

fro
m

th
e

a
x
is

is
a
n

id
e
a
l

fo
c
u
sin

g
fo

rc
e

N
o
te

:
th

e
fo

c
u
sin

g
”
F
o
rc

e
”
∝

B
2z

so
it

w
o
rk

s
th

e
sa

m
e

fo
r

e
ith

e
r

sig
n
,
a
n
d

∝
1/p

2z .
W

h
e
ra

s
in

a
q
u
a
d
ru

p
o
le

th
e

fo
rc

e
∝

1/p
S
o

so
le

n
o
id

s
a
re

n
o
t

g
o
o
d

fo
r

h
ig

h
p
,
b
u
t

b
e
a
t

q
u
a
d
s

a
t

lo
w

p
.

1.5.4
E
n
te

rin
g

a
so

le
n
o
id

fro
m

o
u
tsid

e

W
e

w
ill

n
o
w

lo
o
k

a
t

a
sim

p
le

n
o
n
-u

n
ifo

rm
B
z

c
a
se

.
L
e
t

a
p
a
rtic

le
sta

rt
fro

m

th
e

a
x
is

w
ith

fi
n
ite

tra
n
sv

e
rse

m
o
m

e
n
tu

m
,
b
u
t

n
o

a
n
g
u
la

r
m

o
m

e
n
tu

m
.

A
fte

r

so
m

e
d
ista

n
c
e

w
ith

n
o

fi
e
ld

,
it

re
a
ch

e
s

a
ra

d
iu

s
u

a
n
d

th
e
n

e
n
te

rs
a

so
le

n
o
id

w
ith

B
z .

A
s

it
e
n
e
te

rs
th

e
so

le
n
o
id

it
c
ro

sse
s

ra
d
ia

l
fi
e
ld

lin
e
s

a
n
d

re
c
e
iv

e
s

so
m

e
a
n
g
u
la

r
m

o
m

e
n
tu

m
.
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radius r

z

φ
=

2π
r ∫

B
⊥
d
�

φ
=

π
r

2
B

z

-5
.0

-2
.5

0
.0

2
.5

5
.0

-2
.5

0
.0

2
.5

B
r

∆
p⊥

∆
[pc/e]⊥

=
∫
B
r
d
z

=
B
z
r
c

2
(15)

S
o
f
fo

r
o
u
r

c
a
se

w
ith

z
e
ro

in
itia

l
tra

n
sv

e
rse

m
o
m

e
n
tu

m
,

[pc/e]⊥
=

∫
B
r
d
z

=
B
z
r
c

2

W
h
ich

is
th

e
sa

m
e

a
s

e
q
.1

3
,

a
n
d

w
ill

le
a
d

to
th

e
sa

m
e

in
w

a
rd

b
e
n
d
in

g

(e
q
.1

4
),

a
s

w
h
e
n

th
e

p
a
rtic

le
sta

rte
d

in
sid

e
th

e
fi
e
ld

.

In
fa

c
t

e
q
.1

4
is

tru
e

n
o

m
a
tte

r
h
o
w

th
e

a
x
ia

l
fi
e
ld

v
a
rie

s
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1.5.5
C

a
n
o
n
ic

a
l
A

n
g
u
la

r
m

o
m

e
n
tu

m

In
g
e
n
e
ra

l,
fo

r
a
x
ia

l
sy

m
m

e
try

,
a

p
a
rtic

le
w

ill
h
a
v
e

a
c
o
n
se

rv
e
d

”
C

a
n
o
n
ic

a
l

A
n
g
u
la

r
M

o
m

e
n
tu

m
”
M

o
e
q
u
a
l
to

th
e

a
n
g
u
la

r
m

o
m

e
n
tu

m
o
u
tsid

e
th

e
a
x
ia

l

fi
e
ld

s.

[M
c
2/e]o

=
p⊥

r
(O

u
td

ise
th

e
fi
eld

)

In
sid

e
a

v
a
ry

in
g

fi
e
ld

B
z (z),

th
e

re
a
l
a
n
g
u
la

r
m

o
m

e
n
tu

m
w

ill
b
e
:

[M
c
2/e]

=
[M

c
2/e]o

+
r

2
B
z
c

2

B
u
t

in
th

e
ro

ta
tin

g
L
a
rm

o
r

F
ra

m
e

th
e

a
n
u
la

r
m

o
m

e
n
tu

m
is

a
lw

a
y
s

ju
st

th
e

C
a
n
o
n
ic

a
l

a
n
g
u
la

r
m

o
m

e
n
tu

m
,

a
n
d

m
o
tio

n
in

th
a
t

fra
m

e
h
a
s

o
n
ly

in
w

a
rd

fo
c
u
sin

g
fo

rc
e
s,

w
ith

n
o

a
n
g
u
la

r
k
ick
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2
T
ra

n
sv

e
rse

C
o
o
lin

g

p‖
le

ss
p⊥

le
ss

�
�

�
�

�
�

�
�

�
�

�
�

�
� ��

p‖
re

sto
re

d
p⊥

still
le

ss

�
�

� �

�
�

� ��

A
c
c
e
le

ra
tio

n
M

a
te

ria
l

2
.1

C
o
o
lin

g
ra

te
v
s.

E
n
e
rg

y(eq
4)

ε
x
,y

=
γ
β
v
σ
θ
σ
x
,y

If
th

e
re

is
n
o

C
o
u
lo

m
b

sc
a
tte

rin
g
,

o
r

o
th

e
r

so
u
rc

e
s

o
f

e
m

itta
n
c
e

h
e
a
tin

g
,

th
e
n
σ
θ
a
n
d
σ
x
,y

a
re

u
n
ch

a
n
g
e
d

b
y

e
n
e
rg

y
lo

ss,
b
u
t
p

a
n
d

th
u
s
β
γ

a
re

re
d
u
c
e
d
.

S
o

th
e

fra
c
tio

n
a
l
c
o
o
lin

g
d
ε
/ε

is
(u

sin
g

e
q
.2

):

d
εε

=
d
pp

=
d
EE

1β
2v

(16)

w
h
ich

,
fo

r
a

g
iv

e
n

e
n
e
rg

y
ch

a
n
g
e
,
stro

n
g
ly

fa
v
o
rs

c
o
o
lin

g
a
t

lo
w

e
n
e
rg

y
.
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B
u
t

if
to

ta
l

a
c
c
e
le

ra
tio

n
w

e
re

n
o
t

im
p
o
rta

n
t,

e
.g

.
if

th
e

c
o
o
lin

g
is

d
o
n
e

in
a

rin
g
,

th
e
n

th
e
re

is
a
n
o
th

e
r

c
rite

rio
n
:

T
h
e

c
o
o
lin

g
p
e
r

fra
c
tio

n
a
l
lo

ss
o
f

p
a
rtic

le
s

b
y

d
e
c
a
y
:

Q
=

d
ε/ε

d
n
/n

=
d
p/p

d
�/cβ

v γ
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